Electromagnetic radiation at terahertz (THz) frequencies is a useful tool in probing and controlling matter and light in new and interesting ways, especially at high peak-fields and pulse energies.
INTRODUCTION

RESULTS
Higher-order phase effects
We use stretched pulses from a grating-basedÖffner-type stretcher [24] , necessary for amplification to the > 1 J pump energies utilized [25] . The second order spectral phase φ 2 (or Group Delay Dispersion, GDD) and the third order spectral phase φ 3 (third order dispersion, TOD) of the Angus laser system (see Methods section) are φ 2 = 2.3 ps 2 and φ 3 = −0.0044 ps 3 at an 800 nm central wavelength. Calculating the temporal electric field of the delayed and overlapped NIR pump is important for understanding the details of the nonlinear process, in which the TOD plays an important role in determining the phase, temporal structure, and energy of the THz depending on the bandwidth of the process.
Within certain limits the instantaneous angular difference frequency ∆ω varies over time, and if the pulses are assumed to be unique, then ∆ω is in general quadratic in time ∆ω(t) = α + βt + γt 2 ,
with each of α, β, and γ depending on the GDD and TOD of each pulse, and temporal delay between them ∆t. When the pulses are copies of each other then γ is zero. When the pulses are copies and φ 3 is zero, then both β and γ are zero, and α = φ 2 ∆t such that ∆ω is constant for all time, corresponding to the idealized scenario. However, the magnitude of TOD from grating-based pulse stretchers causes a significant departure from the ideal [26] .
This represents first a drawback, whereby less of the the NIR pump energy is phase matched for the nonlinear process, but also allows the opportunity for control.
Applications of this result include producing THz pulses via difference frequency generation with broadband phase matching that have tunable linear and nonlinear chirp [27] , determined by β and γ respectively. Results in this manuscript focus on applications with narrowband phase matching, which include temporally complex THz pulses, and high energy mJ-level THz pulses, both produced via different levels of multiplexing or spectral phase manipulation of the NIR pump pulses.
Temporally complex terahertz
The magnitude of the TOD on chirped-and-delayed pulse copies can create terahertz with a complex and tunable temporal structure. When the difference frequency is only within the phase matching bandwidth in a limited time window, true when β is nonzero, then terahertz can only be produced in a close vicinity to that time determined by the phase matching bandwidth. If the input NIR pump energy is in a longer train of pulses, or if the difference frequency is designed to be phase-matched at more than one time, then the produced terahertz will have complex temporal structure, manifested either as temporal interference or THz pulses completely separated in time.
Experiments use a train of pump pulses produced from a partial-reflective and highreflective mirror pair [21] , with the first two in the train having equal energy, and the following having lower energy (Fig. 2a) . These pulses are all copies of each other, excluding the negligible material dispersion of the partial reflector, which results is a significant slope β of the difference frequency. The combination of the slope of the instantaneous difference frequency and the pulse train results in more than one moment in time within the phase matching bandwidth at a given delay (Fig. 2b) corresponding to the matched difference frequency between pulse 1 and pulse 2, and pulse 2 and pulse 3, and so on. We change temporal delay between the pulses in the pulse train to optimize the THz output. Based on calculations a narrow peak is expected without TOD, and when TOD is included the peak is wider, shown in Figure 2c . When both TOD and the pulse train are included the calculation show multiple peaks in the THz output, which is a consequence of the temporally separated with pulses 1 to 3 and b, the instantaneous difference frequency between pulse 1 and pulse 2, and pulse 2 and pulse 3. c, Analytic calculations show that the THz output as a function of temporal delay within the pulse train becomes wider when including TOD, and becomes complex when including the pulse-train, which is a result of complex interference between the THz pulses produced at different times shown in b. d, Experimental observation in a 2 cm long PPLN producing 544 GHz radiation. e, A pair of pulses could be engineered with additional GDD and TOD added to only one pulse (15500 fs 2 and 300000 fs 3 respectively) such that isolated THz pulses are generated far apart, as in f.
THz pulses interfering in a complex fashion. This agrees with the experimental observation at 544 GHz (Fig. 2d) , confirming that temporally separated THz pulses are generated. A similar result was achieved at 860 GHz.
Pushing this concept further, pump pulses could be manipulated separately to have a specific slope and curvature of difference frequency so that THz pulses are generated at a designed temporal separation. An example is shown in Figure 2e -f to have only a quadratic component of difference frequency resulting from positive ∆φ 2 and ∆φ 3 on only the first pulse. There is phase matching at two points in time with a separation of about 150 ps.
It is important to note that the longer the crystal the larger an effect group-velocity walk-off will have on the temporally separated THz pulses, causing the THz to extend from the position in time it is initially generated relative to the NIR pump pulses. The pulse duration of the pump also plays a role, since the temporal extent of the THz from a single phase matching point depends on both the crystal length and pump pulse duration (and indeed the absorption of the crystal) [28] . Closely separated phase matching points (Fig. 2b) produce a single THz pulse with temporal structure, and widely separated phase matching points (Fig. 2f) produce two separate THz pulses, with the intermediate scenarios producing terahertz with two peaks. The experimental results in Figure 2d correspond to the former situation, where the two distinct phase matching regions overlap significantly in time. Socalled double-peak THz pulses may have interesting applications to highly controlled particle manipulation, or to specific delayed resonant pumping of materials.
High energy terahertz
We employ the control of pump phase to remove all slope and curvature from the difference frequency in order to be optimally matched to long PPLN crystals having a very narrow acceptance bandwidth. This requires specific manipulation of the GDD and TOD of the pulses separately in order to set β and γ to zero.
The experimental setup for high energy THz generation can be seen in Figure 3 . Using a setup similar to a Mach-Zehnder interferometer, we produce two copies of the pulses with a tunable delay when recombined at the exit of the interferometer. The fact that the arms have completely distinct optical paths allows for manipulation of the spectral phase of the pulses independently, which is demanded by the derived solution. Because of the topology of the Mach-Zehnder setup only half of the total input energy can be used to pump a single crystal, but we show that it is possible to pump two crystals simultaneously using both outputs of the setup, since they have identical temporal properties. We use high-dispersion glass prisms to primarily tune the ∆φ 2 , and specially designed high-TOD dispersion compensating mirrors (DCMs) to tune the ∆φ 3 , both detailed in the Methods section.
After the beams are combined they are sent in to the cryostat which has an entrance window AR-coated for the NIR pump beams, and a copper cryo-finger which allows cooling the crystal to below 100 K at a vacuum below 8×10 −4 mbar. We focus the leak-through of a mirror before the crystal on a CCD and use as a farfield diagnostic to ensure sub-100 µrad pointing offset between the combined beams, crucial for proper phase-matching.
The different crystals are detailed in the Methods section, which produce 361 GHz and for different levels of ∆φ 2 is shown in Figure 4b . The optimum configuration corresponds to ∆φ 2 = 8800 fs 2 on pulse 1 and ∆φ 3 = 20000 fs 3 on pulse 2. The discrepancy between the measurements and calculations could be due to a number of factors, including the possibility of the high-TOD mirrors having non-zero GDD or contributions of spectral phase terms above third-order. We confirm the narrowband nature of the 361 GHz output to be unchanged from measurements without any phase manipulation.
The result for 558 GHz output from the 212 µm poling period crystal is an optimum with ∆φ 2 = 12900 fs 2 on pulse 1 and ∆φ 3 = 60000 fs 3 on pulse 2, with the same plots shown in The THz efficiency in a single 361 GHz crystal as pump fluence is increased in the uncompensated case, with only non-zero ∆φ 2 , and at the global optimum (also with NIR AR coating on both surfaces, and 100 µm glass wafer at the output surface). f, The output THz energy from the two crystals simultaneously at 361 GHz, the second of which has no AR coating or wafer installed, with the inset showing the input and output NIR spectrum at the pumping level for highest energy.
∆φ 2 and ∆φ 3 with increasing frequency. Note that at negative delays the output decreases when adding SF11, confirming the unique solution for the optimum ∆t.
We pump the two crystals producing 361 GHz radiation simultaneously up to 0.4 J/cm 2 (corresponding to 519 mJ on each crystal before the aperture) and produce a maximum pulse energy of 458 µJ from the AR-coated crystal with the installed fused silica wafer. The increase in output with each additional level of compensation is shown in Figure 4e . The average energy from this crystal is 392 µJ, and we simultaneously use the second output of the setup to pump the second (uncoated) crystal producing 212 µJ (Fig. 4f) , which is a total average pulse energy of 604 µJ of THz produced in tandem. This is an additional order of magnitude above previous results with chirp-and-delay, and above any known direct-beam THz produced, especially of such narrow bandwidth. The efficiency begins to saturate above 100 mJ/cm 2 pump fluence, a behavior similar to previous results pumped at these fluence levels in PPLN [15, 21] . Additionally, above 357 mJ/cm 2 pump fluence the output THz energy decreases corresponding to a rapid decrease in efficiency. The extreme red-shifting of NIR pump spectrum is shown in the inset of Figure 4f , where the input is centered at 801 nm and the output is centered at 822 nm. Additional results include producing up to an average of 128 µJ pulses at 558 GHz central frequency in the 212 µm poling period PPLN when pumped to 186 mJ/cm 2 .
DISCUSSION
We have shown that with asymmetric tuning of the second-and third-order phase on overlapped NIR pump pulse copies, control over temporal envelope of generated THz radiation is possible with narrowband phase matching. We showed evidence of temporally complex THz pulses via interference effects when changing the temporal delay between a longer train of pulses, and extrapolated this observation to more extreme cases. We additionally showed that this technique can remove all curvature from the difference frequency in order to fit within the phase matching bandwidth for all time. This produced mJ-level THz pulses, surpassing past results [19] [20] [21] , and in this case at an even narrower 1 % bandwidth. Indeed this technique is general, and especially relevant for the broadband, high energy pump lasers necessary for driving the nonlinear interactions to this extent, which ubiquitously use stretching methods with inherently nonzero higher-order phase [29] . The success of the compensation for the TOD also opens up the tuning or elimination of chirp in high energy THz pulses when produced via broadband phase matching, for example in thin nonlinear crystals.
The optimization and tuning of the energy, chirp, and structure of such narrowband THz pulses has broad implications for accelerator applications, resonant-driven material studies, and nonlinear THz spectroscopy. Although the method shown here does not enable arbitrary control over the narrowband THz waveform, the access to control-especially at such high efficiencies and energies-is unmatched. We believe that the techniques and analyses presented here will become essential tools to push the limits of energy and control in narrowband terahertz and enable applications not yet undertaken. This results in a different precise solution as initially posed, but in essence it is the same.
The TOD per bounce of the high-TOD mirrors was confirmed independently via white-light interferometry measurements. The non-zero TOD of +126 fs 3 /mm of the SF11 complicates the situation slightly, but due to the lengths of SF11 used the total amount of TOD from the SF11 is still a small fraction of the total compensation necessary. Therefore, via using variable lengths of SF11 and varying numbers of chirped mirrors we can independently tune the ∆φ 2 and ∆φ 3 respectively. In the highest fluence measurements we also installed two identical telescopes to double the size of the beam on the TOD mirrors avoiding optical damage. These telescopes added GDD, which was compensated for by increasing the SF11 in order to stay at the optimum net ∆φ 2 .
The experimental procedure involved changing the distance of SF11 glass by altering the position of the second SF11 prism relative to the first. At each position of the SF11 prisms the position of the beam and path length in that arm changed, which required aligning the beam once more and finding the new optimum temporal delay. At many positions we also added up to four high-TOD mirrors to find the global optimum.
PPLN crystals
We use 10×15 mm 2 large aperture PPLN crystals [30] with a length of 36 mm. The poling periods of the crystals used are 330 µm and 212 µm, producing 361 GHz and 558 GHz radiation respectively. In addition, on one 330 µm poling period crystal the input and output facets were AR coated for the 800 nm pump wavelength, and a 100 µm fused silica wafer was attached to the rear surface to attempt to mitigate Fresnel losses for the THz at the rear surface. The other crystals are left uncoated, since we observed severe wavefront distortions from the AR coating on the first crystal when cooled. The performance of the fused silica wafer was also below expectations, likely due to distortions in the wafer when cooled.
